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Abstract. This paper is concerned with the polariton resonances and their applica-
tion for cloaking due to anomalous localized resonance (CALR) for the elastic system
within finite frequency regime beyond the quasi-static approximation. We first derive
the complete spectral system of the Neumann-Poincare´ operator associated with the
elastic system within the finite frequency regime. Based on the obtained spectral re-
sults, we construct a broad class of elastic configurations that can induce polariton
resonances beyond the quasi-static limit. As an application, the invisibility cloaking
effect is achieved through constructing a class of core-shell-matrix metamaterial struc-
tures provided the source is located inside a critical radius. Moreover, if the source is
located outside the critical radius, it is proved that there is no resonance.
Keywords: anomalous localized resonance, negative material, core-shell structure, be-
yond quasistatic limit, Neumann-Poinca´re operator, spectral
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1. Introduction
Recently, there are considerable mathematical studies on the plasmon resonances in
order to gain deep understandings about their distinctive properties and investigate po-
tential applications. Plasmon resonances are associated to wave interactions with meta-
materials, which are artificially engineered and may possess negative material parameters.
In the resonant state, due to the excitation of an appropriate source, the induced field
exhibits highly oscillatory behaviours in a certain peculiar manner. Mathematically, the
phenomenon of plasmon resonances is connected to an infinite dimensional set of the
so-called perfect plasmon waves, which are actually the kernel of a certain non-elliptic
partial differential operator (PDO) arising from the underlying physical system. More
specifically, the presence of the negative material parameters breaks the ellipticity of the
aforementioned PDO and thus the PDO may have a nontrivial kernel space. On the
other hand, through an integral reformulation via the potential-theoretic approach, the
plasmon resonance can be connected to the spectral system of the so-called Neumann-
Poincare´ (N-P) operators, which are a certain type of boundary layer potential operators.
Hence, in order to understand the plasmon resonances, one needs to achieve thorough
understandings of the spectral properties of certain PDOs or integral operators in various
scenarios that were unveiled before. Those connections make the mathematical study of
plasmon resonances a fascinating topic. For related studies in the literature, we refer
to [4, 5, 10, 18] for the acoustic wave system and [1–3, 6, 12–14, 19, 25–30, 32–34] for the
Maxwell system.
One particularly interesting type of plasmon resonances is the anomalous localized res-
onance (ALR), which is also one of the focuses of the present study. The localized feature
refers to the fact that the resonance is spatially localized; that is, the corresponding field
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only diverges in a certain region with a sharp boundary not defined by any discontinuities
in the parameters and outside that region, the field converges to a smooth one. Moreover,
the resonance region moves as the position of the source is moved. Indeed, ALR heavily
depends on the form as well as the location of the source term. For a fixed plasmonic
configuration, if the source is located inside a critical radius, then ALR occurs, whereas
if it is located outside the critical radius, then resonance does not occur. One appealing
feature of ALR is that it can induce the cloaking effect; that is, if ALR occurs, then
both the plasmonic configuration and the source are invisible with respect to observa-
tions outside a certain region. This cloaking phenomenon is referred to as cloaking due to
anomalous localized resonance (CALR). CALR was first observed and rigorously justified
by Milton and Nicorovici in [28] and was further studied by Ammari et al in [3]. We
refer to the papers [3, 19, 28, 30, 33] and references therein for more discussions. Similar
resonance phenomena were observed and investigated in elasticity [8, 9, 16, 17, 21, 22, 24],
which are referred to as polariton resonances in the literature. In this paper, we are
mainly concerned with the polariton resonances and their application for CALR for the
elastic system within the finite frequency regime beyond the quasi-static approximation.
In what follows, we first present the mathematical formulation for our subsequent dis-
cussion and study.
Let C(x) := (Cijkl(x))
3
i,j,k,l=1, x ∈ R3 be a four-rank elastic material tensor defined by
Cijkl(x) := λ(x)δijδkl + µ(x)(δikδjl + δilδjk), x ∈ R3, (1.1)
where δ is the Kronecker delta. In (1.1), λ and µ are two scalar functions and referred
to as the Lame´ parameters. For a regular elastic material, the Lame´ parameters satisfy
the following two strong convexity conditions,
i). µ > 0 and ii). 3λ+ 2µ > 0. (1.2)
Let D,Ω ⊂ R3 with D ⊂ Ω be two bounded domains with connected Lipschitz bound-
aries. Assume that the domain R3\Ω is occupied by a regular elastic material parame-
terized by the Lame´ constants (λ, µ) satisfying the strong convexity conditions in (1.2).
The shell Ω\D is occupied by a metamaterial whose Lame´ parameters are given by (λˆ, µˆ),
where (λˆ, µˆ) ∈ C2 with =λˆ > 0,=µˆ > 0, which shall be properly chosen in what follows.
Finally, the inner core D is occupied by a regular elastic material (λ˘, µ˘) satisfying the
strong convex conditions (1.2). Denote by CR3\Ω,λ,µ to specify the dependence of the
elastic tensor on the domain R3\Ω and the Lame´ parameters (λ, µ). The same notation
also applies for the tensors CΩ\D,λˆ,µˆ and CD,λ˘,µ˘. Now we introduce the following elastic
tensor
C0 = CR3\Ω,λ,µ + CΩ\D,λˆ,µˆ + CD,λ˘,µ˘. (1.3)
C0 describes an elastic material configuration of a core-shell-matrix structure with the
metamaterial located in the shell. Let f ∈ H−1(R3)3 signify an excitation elastic source
that is compactly supported in R3\Ω. The induced elastic displacement field u =
(ui)
3
i=1 ∈ C3 corresponding to the configurations described above is governed by the
following PDE (partial differential equation) system{ ∇ ·C0∇su(x) + ω2u(x) = f in R3,
u(x) satisfies the radiation condition,
(1.4)
POLARITON RESONANCES AND CLOAKING BEYOND QUASISTATIC LIMIT IN ELASTICITY 3
where ω ∈ R+ is the angular frequency, and the operator ∇s is the symmetric gradient
given by
∇su := 1
2
(∇u +∇ut) , (1.5)
with ∇u denoting the matrix (∂jui)3i,j=1 and the superscript t signifying the matrix
transpose. In (1.4), the radiation condition designates the following condition as |x| →
+∞ (cf. [20]),
(∇×∇× u)(x)× x|x| − iks∇× u(x) =O(|x|
−2),
x
|x| · [∇(∇ · u)](x)− ikp∇u(x) =O(|x|
−2),
(1.6)
where i =
√−1 and
ks = ω/
√
µ, kp = ω/
√
λ+ 2µ, (1.7)
with λ and µ defined in (1.3).
Next we introduce the following functional for w,v ∈ (H1(Ω\D))3,
Pλˆ,µˆ(w,v) =
∫
Ω\D
∇sw : C0∇sv(x)dx
=
∫
Ω\D
(
λˆ(∇ ·w)(∇ · v)(x) + 2µˆ∇sw : ∇sv(x)
)
dx,
(1.8)
where C0 and ∇s are defined in (1.3) and (1.5), respectively. In (1.8) and also in what
follows, A : B =
∑3
i,j=1 aijbij for two matrices A = (aij)
3
i,j=1 and B = (bij)
3
i,j=1.
Henceforth, we define
E(u) = =Pλˆ,µˆ(u,u), (1.9)
which signifies the energy dissipation exists energy of the elastic system (1.4). We are
now in a position to present the definition of CALR. We say that polariton resonance
occurs if for any M ∈ R+,
E(u) ≥M, (1.10)
where u depends on the Lame´ parameters (λˆ, µˆ). In addition to (1.10), if the displacement
field u further satisfies the following boundedness condition,
|u| ≤ C, when |x| > R˜, (1.11)
for a certain R˜ ∈ R+, which does not depend on the Lame´ parameters (λˆ, µˆ), then we
say that CALR occurs. We refer to [3] and [28] for more relevant discussions.
In this paper, we aim to construct a broad class of elastic structures that can induce
polariton resonances and CALR. It is emphasized that we shall not require the following
quasi-static condition throughout our study,
ω · diam(Ω) 1. (1.12)
The quasi-static approximation (1.12) has played a critical role in all of the existing
studies concerning the polariton resonances for the elastic system [8, 9, 16, 21, 22, 24] as
mentioned before. In fact, [8,9,16,21,22] consider the static case by directly taking ω ≡ 0
and [24] rigorously verifies the quasi-static approximation. One of the major contributions
of this work is the construction of a class of core-shell-matrix polariton structures that
can induce CALR within the finite frequency beyond the quasi-static approximation in
elasticity. Moreover, our construction of the material structures is very broad in the
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following sense. In [8, 9, 16, 21, 22], the metamaterial parameters were constructed such
that both the two strong convexity conditions in (1.2) are violated. In our study, the
metamaterial parameters are constructed such that only one of the two strong convexity
conditions is required to be violated. It is noted that in [24], the resonant construction
also only requires the violation of any one of the two convexity conditions. However, the
study in [24] is mainly concerned with the static case. Indeed, we show that the CALR
construction in the current work includes the constructions in [16,24] as special cases by
taking the quasi-static limit. Finally, in order to establish the aforementioned results,
we make essential use of spectral arguments. We derive the complete spectral system of
the N-P operator associated to the elastic system with the finite-frequency regime. It is
remarked that the corresponding derivation is highly nontrivial and the spectral results
are of significant mathematical interest for their own sake.
The main results of this paper can be sketched as follows. In Theorem 3.2, we derive
the complete spectral system of the N-P operator within spherical geometry and finite-
frequency regime. It is remarked that that in the static case, the spectral system of
the N-P operator was derived in [16]. We show that by taking the quasi-static limit in
our spectral result obtained in Theorem 3.2, one can actually derives the result in [16];
see Remark 3.1. That is, the spectral result in Theorem 3.2 generalizes and extends
the result in [16] beyond the quasi-static limit. In Theorem 4.1, by taking D = ∅ and
Ω = BR with BR a central ball of radius R, we show that the polariton resonance occurs
for a broad class of sources provided the Lame´ parameter µˆ inside the domain Ω satisfies
the condition (4.9). In Theorem 5.1, by letting D = Bri and Ω = Bre , the Newtonian
potential F of the source term f be given in (5.7), and the Lame´ parameters µ˘ and µˆ
satisfy the condition (5.7), we show that CALR occurs provided the source is supported
inside a critical radius r∗ =
√
r3e/ri. We also show that if the source is located outside
the critical radius, then no resonance occurs.
Three remarks are in order. First, it is noted that we mainly work within the spherical
geometry. Indeed, we shall require the exact spectral information of the N-P operator.
Beyond the spherical geometry, it is rather unpractical to derive the required spectral
results. In fact, even in the simplest electro-static case, only the radical geometry [3]
and ellipse geometry [7] were considered. For more general geometries, one may resort to
the assistance of numerical simulations; see [11] for the electro-static case. Second, when
deriving the polariton resonance and the CALR, we only need to have constraints on
the Lame´ parameter µˆ and require no restriction on the other parameter λˆ, which makes
our theoretical constructions easier for applications. Third, in Theorem 5.1 on CALR,
the Newtonian potential F of the source term f is assumed to have the expression in
(5.7). This constraint on f is only a technical issue. In fact, the ALR is a spectral
phenomenon at the accumulating point of the eigenvalues of the N-P operator, which
naturally requires that the order n0 in Theorem 5.1 should be large; see Remark 5.2 for
more relevant discussions.
The rest of the paper is organized as follows. Section 2 is devoted to the preliminaries
on some notations and layer potentials of the elastic system. In Section 3, the complete
spectral system of the N-P operator is derived. Sections 4 and 5 are respectively devoted
to the polariton resonance and CALR results.
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2. Preliminaries
In this section, we present some preliminary knowledge for the elastic system for our
subsequent use. We first introduce the elastostatic operator Lλ,µ associated to the Lame´
constants (λ, µ) as follows,
Lλ,µw := µ4w + (λ+ µ)∇∇ ·w, (2.1)
for w ∈ C3. The traction (the conormal derivative) of w on ∂Ω is defined to be
∂νw = λ(∇ ·w)ν + 2µ(∇sw)ν, (2.2)
where ∇s is defined in (1.5) and ν is the outward unit normal to the boundary ∂Ω.
From [20], the fundamental solution Γω = (Γωi,j)
3
i,j=1 for the operator Lλ,µ+ω2 in three
dimensions is given by
(Γωi,j)
3
i,j=1(x) = −
δij
4piµ|x|e
iks|x| +
1
4piω2
∂i∂j
eikp|x| − eiks|x|
|x| , (2.3)
where ks and kp are defined in (1.7). Then the single layer potential associated with the
fundamental solution Γω is defined as
Sω∂Ω[ϕ](x) =
∫
∂Ω
Γω(x− y)ϕ(y)ds(y), x ∈ R3, (2.4)
for ϕ ∈ L2(∂Ω)3. On the boundary ∂Ω, the conormal derivative of the single layer
potential satisfies the following jump formula
∂Sω∂Ω[ϕ]
∂ν
|±(x) =
(
±1
2
I + (Kω∂Ω)
∗
)
[ϕ](x) x ∈ ∂Ω, (2.5)
where
(Kω∂Ω)
∗[ϕ](x) = p.v.
∫
∂Ω
∂Γω
∂ν(x)
(x− y)ϕ(y)ds(y),
with p.v. standing for the Cauchy principal value and the subscript ± indicating the
limits from outside and inside Ω, respectively. The operator (Kω∂Ω)
∗ is called to be the
Neumann-Poincare´ (N-P) operator.
Let Φ(x) be the fundamental solution to the operator4+ω2 in three dimensions given
as follows
Φ(x) = − e
iωx
4pi|x| . (2.6)
For ϕ ∈ L2(∂Ω), we define
Sω∂Ω[ϕ](x) =
∫
∂Ω
Φ(x− y)ϕ(y)ds(y), x ∈ R3. (2.7)
Next, to facilitate the exposition, we present some notations and useful formulas. Let
N be the set of the positive integers and N0 = N∪{0}. Set Y mn with n ∈ N0,−n ≤ m ≤ n
to be the spherical harmonic functions. Let SR be the surface of the ball BR and denote
by S for R = 1 for simplicity. Furthermore, the operators ∇S, ∇S· and 4S designate the
surface gradient, the surface divergence and the Laplace-Beltrami operator on the unit
sphere S.
Let jn(t) and hn(t), n ∈ N0, denote the spherical Bessel and Hankel functions of the
first kind of order n, respectively. The following asymptotic expansions shall be needed
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in what follows (cf. [15]),
jn(t) =
tn
(2n+ 1)!!
(
1 + j`(t)
)
, hn(t) =
(2n− 1)!!
itn+1
(
1 + h`(t)
)
, (2.8)
for n 1, where
j`(t) = O
(
1
n
)
and h`(t) = O
(
1
n
)
;
and for a fixed n with t 1,
jn(t) =
tn
(2n+ 1)!!
(
1 +O(t)), hn(t) = (2n− 1)!!
itn+1
(
1 +O(t)). (2.9)
The following three auxiliary lemmas shall be needed as well [31].
Lemma 2.1. For a vector field w ∈ H1(S)3 and a scalar function v ∈ H1(S), there hold
the following relations
∇S · (∇Sv ∧ ν) = 0, 4Sv = ∇S · ∇Sv,∫
S
∇Sv ·wds = −
∫
S
v∇S ·wds,
(2.10)
and
∇S · (wv) = ∇S ·wv + w · ∇Sv.
Lemma 2.2. The spherical harmonic functions Y mn with n ∈ N0,−n ≤ m ≤ n, are
the eigenfunctions of the Laplace-Beltrami operator 4S associated with the eigenvalue
−n(n+ 1), namely
4SY mn + n(n+ 1)Y mn = 0.
Lemma 2.3. The family (Imn , T mn ,Nmn ), the vectorial spherical harmonics of order n,
Imn =∇SY mn+1 + (n+ 1)Y mn+1ν, n ≥ 0, n+ 1 ≥ m ≥ −(n+ 1),
T mn =∇SY mn ∧ ν, n ≥ 1, n ≥ m ≥ −n,
Nmn =−∇SY mn−1 + nY mn−1ν, n ≥ 1, n+ 1 ≥ m ≥ −(n+ 1),
forms an orthogonal basis of (L2(S))3.
From Lemma 2.3, one has that
Imn−1 = ∇SY mn + nY mn ν,
which is a vectorial spherical harmonics of order n− 1. Thus Imn−1 can be expressed by
Imn−1 = An−1,mYn−1, (2.11)
where
Yn−1 = [Y
−(n−1)
n−1 , · · · , Y n−1n−1 ]T ,
and An−1,m is a 3× (2n− 1) matrix given by
An−1,m = [a
−(n−1)
n−1,m , · · · ,an−1n−1,m].
Similarly, the vectorial spherical harmonics Nmn+1 is of order n + 1. Hence, it can be
expressed as
Nmn+1 = Cn+1,mYn+1, (2.12)
where Cn+1,m is a 3× (2n+ 3) matrix given as follows
Cn+1,m = [c
−(n+1)
n+1,m , · · · , cn+1n+1,m].
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Next, we prove three important propositions.
Proposition 2.1. The following identities hold∫
S
Y
q
n−1Y
m
n νds =
aqn−1,m
2n+ 1
,
∫
S
Y
q
n−1∇SY mn ds =
n+ 1
2n+ 1
aqn−1,m,∫
S
Y
q
n+1Y
m
n νds =
cqn+1,m
2n+ 1
,
∫
S
Y
q
n+1∇SY mn ds =
−n
2n+ 1
cqn+1,m,
and ∫
S
Y
q
pY
m
n νds = 0,
∫
S
Y
q
p∇SY mn ds = 0, for p ≥ 0, p 6= n− 1, n+ 1,
where and also in what follows, the ovelrine denotes the complex conjugate. Moreover,
the coefficient vectors aqn,m and cmn+1,q, defined in (2.11) and (2.12), satisfy the following
identity
aqn,m =
2n+ 3
2n+ 1
cmn+1,q. (2.13)
Proof. From Lemma 2.3 and the identities in (2.11) and (2.12), one has that
∇SY mn + nY mn ν = An−1,mYn−1,
−∇SY mn + (n+ 1)Y mn ν = Cn+1,mYn+1.
(2.14)
Multiplying Y
q
n−1 on both sides of (2.14) and integrating on the unit sphere S yield that∫
S
Y
q
n−1∇SY mn ds+ n
∫
S
Y
q
n−1Y
m
n νds = a
q
n−1,m, (2.15)
and
−
∫
S
Y
q
n−1∇SY mn ds+ (n+ 1)
∫
S
Y
q
n−1Y
m
n νds = 0. (2.16)
Solving the equations (2.15) and (2.16), one can obtain that∫
S
Y
q
n−1Y
m
n νds =
aqn−1,m
2n+ 1
,
∫
S
Y
q
n−1∇SY mn ds =
n+ 1
2n+ 1
aqn−1,m, (2.17)
which are the first two identities in the proposition. By a similar argument, the other
four integral identities can be proved.
The rest of the proof is to show the coefficient identity (2.13). Taking the complex
conjugate on both sides of the equation (2.17) and replacing n with n+ 1 yield that∫
S
Y
m
n+1Y
q
nνds =
aqn,m
2n+ 3
. (2.18)
Comparing the equation (2.18) with the third integral identity of this proposition shows
that
aqn,m =
2n+ 3
2n+ 1
cmn+1,q,
and this completes the proof. 
Proposition 2.2. The following identities hold∫
S
(∇SY qn−1 · ∇SY mn )νds =
(n+ 1)(n− 1)
2n+ 1
aqn−1,m,∫
S
(∇SY qn+1 · ∇SY mn )νds =
n(n+ 2)
2n+ 1
cqn+1,m,
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and ∫
S
(∇SY qp · ∇SY mn )νds = 0, for p ≥ 0, p 6= n− 1, n+ 1,
where the the coefficient vectors aqn,m and c
q
n,m are defined in (2.11) and (2.12), respec-
tively.
Proof. From Lemmas 2.1 and 2.2, one has by direct calculations that∫
S
(∇SY qp · ∇SY mn )νds =
3∑
i=1
ei
∫
S
∇SY qp · ∇SY mn (ν · ei)ds
=−
3∑
i=1
ei
∫
S
Y
q
p∇S · (∇SY mn (ν · ei)) ds
=−
3∑
i=1
ei
∫
S
Y
q
p (4SY mn (ν · ei) +∇SY mn · ∇S(ν · ei)) ds
=n(n+ 1)
∫
S
Y
q
pY
m
n ν −
∫
S
Y
q
p∇SY mn ds,
where and also in what follows, ei, i = 1, 2, 3 are Euclidean unit vectors. With the help
of Proposition 2.1, one can then obtain the integral identities of this proposition.
The proof is complete. 
Proposition 2.3. The following identities hold∫
S
∇S(∇SY qn−1) · ∇SY mn ds =
−n(n+ 1)(n− 1)
2n+ 1
aqn−1,m,∫
S
∇S(∇SY qn+1) · ∇SY mn ds =
n(n+ 1)(n+ 2)
2n+ 1
cqn+1,m,
and ∫
S
∇S(∇SY qp) · ∇SY mn ds = 0, for p ≥ 0, p 6= n− 1, n+ 1,
where the the coefficient vectors aqn,m and c
q
n,m are defined in (2.11) and (2.12), respec-
tively.
Proof. From Lemmas 2.1 and 2.2, one has that∫
S
∇S(∇SY qp) · ∇SY mn ds =
3∑
i=1
ei
∫
S
∇S(∇SY qp · ei) · ∇SY mn ds
=n(n+ 1)
∫
S
∇SY qpY mn ds.
Thus the integral identities in this proposition directly follow from Proposition 2.1.
The proof is complete. 
3. Spectral results of the Neumann-Poincare´ operator
In this section, we derive the complete spectral system of the N-P operator for the
elastic system within the finite-frequency regime. To that end, we first derive the spectral
system of the single-layer potential and then utilize the jump formulation (2.5) to obtain
the spectral system of the N-P operator.
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From the expression of the fundamental solution Γω in (2.3), one can readily see that
Γω = Γω1 + Γ
ω
2 , (3.1)
where
Γω1 = −
δij
4piµ|x|e
iks|x| and Γω2 =
1
4piω2
∂i∂j
eikp|x| − eiks|x|
|x| .
For the first part, one has Γω1 = Φ(x)δij/µ, where Φ(x) is the fundamental solution of
the operator 4+ ω2 defined in (2.6). Moreover, the spectral system of the operator SkSR
defined in (2.7), associated with the kernel function Φ(x), has been derived in [23]. For
the convenience of readers, we include it in the following lemma.
Lemma 3.1. The eigen-system of the single layer potential operator SkSR defined in (2.7)
is given as follows
SkSR [Y
m
n ](x) = −ikR2jn(kR)hn(kR)Y mn , x ∈ SR. (3.2)
Moreover, the following two indentities hold
SkSR [Y
m
n ](x) = −ikR2jn(k|x|)hn(kR)Y mn x ∈ BR,
and
SkSR [Y
m
n ](x) = −ikR2jn(kR)hn(k|x|)Y mn x ∈ R3\BR.
Thus, we mainly focus on handling the second term Γω2 given in (3.1). It is noted that
the fundamental solution Φ(x− y) defined in (2.6) has the following expansion (cf. [15])
Φ(x− y) = −ik
∞∑
n=0
n∑
m=−n
hn(k|x|)Y mn (xˆ)jn(k|y|)Y mn (yˆ) for |y| < |x|.
By direct calculations, there holds that
∇yΦ(x− y) = −ik
∞∑
n=0
n∑
m=−n
hn(k|x|)Y mn (xˆ)∇y
(
jn(k|y|)Y mn (yˆ)
)
=− ik
∞∑
n=0
n∑
m=−n
hn(k|x|)Y mn (xˆ)
(
j′n(k|y|)kY mn (yˆ)yˆ + jn(k|y|)∇SY mn (yˆ)/|y|
)
,
(3.3)
and
∂
νy
∇yΦ(x− y) = −ik
∞∑
n=0
n∑
m=−n
hn(k|x|)Y mn (xˆ)
(
j′′n(k|y|)k2Y mn (yˆ)yˆ
+j′n(k|y|)k∇SY mn (yˆ)/|y| − jn(k|y|)∇SY mn (yˆ)yˆ/|y|2
)
,
(3.4)
where
∂
νy
∇yΦ(x− y) = νy · ∇2yΦ(x− y).
With the help of Propositions 2.1 and 2.2, one can derive the following important
result.
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Proposition 3.1. There hold the following identities∫
SR
∇2xΦ(x− y) · ∇SY mn (yˆ)ds =
− ikhn−1(k|x|)
(
j′n−1(kR)kR
n(n+ 1)
2n+ 1
− jn−1(kR)n(n+ 1)(n− 1)
2n+ 1
)
Imn−1
− ikhn+1(k|x|)
(
j′n+1(kR)kR
n(n+ 1)
2n+ 1
+ jn+1(kR)
n(n+ 1)(n+ 2)
2n+ 1
)
Nmn+1.
(3.5)
and∫
SR
∇2xΦ(x− y) · (Y mn (yˆ)νy)ds =
− ikhn−1(k|x|)
((
jn−1(kR)− j′n−1(kR)kR
) n− 1
2n+ 1
+ j′′n−1(kR)k
2R2
1
2n+ 1
)
Imn−1
− ikhn+1(k|x|)
((
j′n+1(kR)kR− jn+1(kR)
) n+ 2
2n+ 1
+ j′′n+1(kR)k
2R2
1
2n+ 1
)
Nmn+1.
(3.6)
Proof. Note that ∇2xΦ(x − y) = ∇2yΦ(x − y). Using integration by parts as well as
Lemma 2.2, there holds∫
SR
∇2xΦ(x− y) · ∇SY mn (yˆ)ds =
∫
SR
∇2yΦ(x− y) · ∇SY mn (yˆ)ds
=− 1
R
∫
SR
∇yΦ(x− y)∆SY mn (yˆ)ds = n(n+ 1)
1
R
∫
SR
∇yΦ(x− y)Y mn (yˆ)ds.
Therefore, the integral identity (3.5) follows from Proposition 2.1 and the identity (3.3).
For the other integral identity, one has by direct calculations that∫
SR
∇2xΦ(x− y) · (Y mn (yˆ)νy)ds
=
∫
SR
(
∇SR(∇yΦ(x− y)) +
∂
νy
(∇yΦ(x− y))νy
)
· (Y mn (yˆ)νy)ds
=
∫
SR
∂
νy
(∇yΦ(x− y))Y mn (yˆ)ds.
Finally, one can derive (3.6) from Proposition 2.1 and the identity (3.4).
The proof is complete. 
Proposition 3.2. The following identity holds∫
SR
∇2xΦ(x− y) · (∇SY mn (yˆ) ∧ νy)ds = 0. (3.7)
Proof. By using integration by parts, there holds∫
SR
∇2xΦ(x− y) · (∇SY mn (yˆ) ∧ νy)ds =
∫
SR
∇2yΦ(x− y) · (∇SY mn (yˆ) ∧ νy)ds
=
1
R
∫
SR
∇S(∇yΦ(x− y)) · (∇SY mn (yˆ) ∧ νy)ds
=−
∫
SR
∇yΦ(x− y)∇S · (∇SY mn (yˆ) ∧ νy)ds = 0,
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where the last identity follows from Lemma 2.1 and this completes the proof. 
With the above preparations, we are in a position to derive the spectral system of the
single-layer potential operator SωSR . To that end, we first show the following result about
the single-layer potentials SωSR [T mn ], SωSR [Imn−1] and SωSR [Nmn+1], which shall be critical to
our subsequent analysis.
Theorem 3.1. The single-layer potentials associated with the density functions T mn ,
Imn−1 and Nmn+1 are given as follows for x ∈ R3\BR,
SωSR [Imn−1](x) =−R2i
(
(n+ 1)ksjn−1,shn−1(ks|x|)
µ(2n+ 1)
+
nkpjn−1,phn−1(kp|x|)
(λ+ 2µ)(2n+ 1)
)
Imn−1
− nR2i
(
ksjn−1,shn+1(ks|x|)
µ(2n+ 1)
− kpjn−1,phn+1(kp|x|)
(λ+ 2µ)(2n+ 1)
)
Nmn+1,
SωSR [Nmn+1](x) =− (n+ 1)R2i
(
ksjn+1,shn−1(ks|x|)
µ(2n+ 1)
− kpjn+1,phn−1(kp|x|)
(λ+ 2µ)(2n+ 1)
)
Imn−1
−R2i
(
nksjn+1,shn+1(ks|x|)
µ(2n+ 1)
+
(n+ 1)kpjn+1,phn+1(kp|x|)
(λ+ 2µ)(2n+ 1)
)
Nmn+1,
and
SωSR [T mn ](x) = −
iksR
2jn,shn(ks|x|)
µ
T mn ,
where and also in what follows, we denote jn(ksR), jn(kpR), hn(ksR) and hn(kpR) by
jn,s, jn,p, hn,s and hn,p for simplicity.
Proof. The proof follows from the expression of the fundamental solution Γω defined
in (2.3), Lemma 3.1, and Propositions 3.1 and 3.2, along with straightforward (though
tedious) calculations. 
By a similar argument to Theorem 3.1, one can show
Proposition 3.3. For x ∈ BR, the single-layer potentials SωSR [T mn ], SωSR [Imn−1] and
SωSR [Nmn+1] are given as follows
SωSR [Imn−1](x) =−R2i
(
(n+ 1)kshn−1,sjn−1(ks|x|)
µ(2n+ 1)
+
nkphn−1,pjn−1(kp|x|)
(λ+ 2µ)(2n+ 1)
)
Imn−1
− nR2i
(
kshn−1,sjn+1(ks|x|)
µ(2n+ 1)
− kphn−1,pjn+1(kp|x|)
(λ+ 2µ)(2n+ 1)
)
Nmn+1,
SωSR [Nmn+1](x) =− (n+ 1)R2i
(
kshn+1,sjn−1(ks|x|)
µ(2n+ 1)
− kphn+1,pjn−1(kp|x|)
(λ+ 2µ)(2n+ 1)
)
Imn−1
−R2i
(
nkshn+1,sjn+1(ks|x|)
µ(2n+ 1)
+
(n+ 1)kphn+1,pjn+1(kp|x|)
(λ+ 2µ)(2n+ 1)
)
Nmn+1,
and
SωSR [T mn ](x) = −
iksR
2hn,sjn(ks|x|)
µ
T mn .
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From Theorem 3.1 and the continuity of the single layer potential operator SωSR from
x ∈ R3\BR to x ∈ SR, one can conclude that for x ∈ SR
SωSR [T mn ](x) = bnT mn , SωSR [Imn−1](x) = c1nImn−1 + d1nNmn+1, (3.8)
and
SωSR [Nmn+1](x) = c2nImn−1 + d2nNmn+1. (3.9)
where
bn =− iksR
2jn,shn,s
µ
,
c1n =−R2i
(
jn−1,shn−1,sks(n+ 1)
µ(2n+ 1)
+
jn−1,phn−1,pkpn
(λ+ 2µ)(2n+ 1)
)
,
d1n =− nR2i
(
jn−1,shn+1,sks
µ(2n+ 1)
− jn−1,phn+1,pkp
(λ+ 2µ)(2n+ 1)
)
,
c2n =− (n+ 1)R2i
(
jn+1,shn−1,sks
µ(2n+ 1)
− jn+1,phn−1,pkp
(λ+ 2µ)(2n+ 1)
)
,
d2n =−R2i
(
jn+1,shn+1,sksn
µ(2n+ 1)
+
jn+1,phn+1,pkp(n+ 1)
(λ+ 2µ)(2n+ 1)
)
.
The rest of the section is devoted to the derivation of the traction of the single layer
potential on the SR, based on which, we can derive the spectral system of the N-P
operator. First of all, we deduce the following two propositions.
Proposition 3.4. The following identities hold for n, p ∈ N0:
∇ · (hn(k|x|)∇SY mp ) = −p(p+ 1)hn(k|x|)Y mp /|x|,
∇ · (hn(k|x|)Y mp ν) = (kh′n(k|x|) + 2hn(k|x|)/|x|)Y mp ,
and
∇ · (hn(k|x|)∇SY mp ∧ ν) = 0.
Proof. By the vector calculus identity, one has that
∇ · (hn(k|x|)∇SY mp ) = ∇hn(k|x|) · ∇SY mp + hn(k|x|)∇ · ∇SY mp
=hn(k|x|)4SY mp /|x| = −p(p+ 1)hn(k|x|)Y mp /|x|,
where the last two identities follow from Lemmas 2.1 and 2.2. Therefore, one can show
the first identity of the proposition. The other two identities of the proposition can be
shown in a similar manner. 
Proposition 3.5. The following identities hold for n, p ∈ N0:
∇ (hn(k|x|)∇SY mp )ν =kh′n(k|x|)∇SY mp ,
∇ (hn(k|x|)∇SY mp )T ν =− hn(k|x|)∇SY mp /|x|,
∇ (hn(k|x|)Y mp ν)ν =kh′n(k|x|)Y mp ν,
∇ (hn(k|x|)Y mp ν)T ν =kh′n(k|x|)Y mp ν + hn(k|x|)/|x|∇SY mp ,
∇ (hn(k|x|)∇SY mp ∧ ν)ν =kh′n(k|x|)∇SY mp ∧ ν,
∇ (hn(k|x|)∇SY mp ∧ ν)T ν =− hn(k|x|)/|x|∇SY mp ∧ ν.
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Proof. In the following, we only give the proof of the first two identities and the other
ones can be proved in a similar manner. First, one has
∇ (hn(k|x|)∇SY mp )ν = (∇SY mp ∇hn(k|x|)T + hn(k|x|)∇∇SY mp )ν = kh′n(k|x|)∇SY mp ,
where the last identity follows from the following fact
(∇∇SY mp )ν =
(
1
|x|∇S∇SY
m
p
)
ν = 0. (3.10)
Noting the symmetry of ∇∇Y mp and rewriting (3.10) as
(∇∇SY mp )ν =
(∇ (|x|∇Y mp ))ν = (|x|∇∇Y mp +∇SY mp νT )ν = 0,
one can obtain that
∇∇Y mp ν =
(∇∇Y mp )T ν = −∇SY mp /|x|. (3.11)
Similarly one has that
∇ (hn(k|x|)∇SY mp )T ν = (∇hn(k|x|)(∇SY mp )T + hn(k|x|)(∇∇SY mp )T )ν
=hn(k|x|)
((∇∇Y mp )T + ν (∇SY mp )T)ν = −hn(k|x|)∇SY mp /|x|,
where the last identity follows from (3.11). Hence, we have shown the first two identities.
The proof is complete. 
Next, we derive the tractions of the single-layer potentials SωSR [T mn ], SωSR [Imn−1] and
SωSR [Nmn+1] on SR.
Proposition 3.6. The traction of the single layer potentials SωSR [T mn ], SωSR [Imn−1] and
SωSR [Nmn+1] on SR satisfy
∂νS
ω
SR [T mn ](x) = bnT mn , (3.12)
∂νS
ω
SR [Imn−1]|+(x) = c1nImn−1 + d1nNmn+1, (3.13)
∂νS
ω
SR [Nmn+1]|+(x) = c2nImn−1 + d2nNmn+1, (3.14)
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where
bn =− iksRjn,s(ksRh′n,s − hn,s),
c1n =− 2(n− 1)Ri
(
jn−1(ksR)hn−1(ksR)ks(n+ 1)
2n+ 1
+
jn−1(kpR)hn−1(kpR)kpµn
(λ+ 2µ)(2n+ 1)
)
+R2i
(
jn−1(ksR)hn(ksR)k2s(n+ 1) + jn−1(kpR)hn(kpR)k2pn
2n+ 1
)
,
d1n =2n(n+ 2)Ri
(
jn−1(ksR)hn+1(ksR)ks
2n+ 1
− jn−1(kpR)hn+1(kpR)kpµ
(λ+ 2µ)(2n+ 1)
)
+ nR2i
(
−jn−1(ksR)hn(ksR)k2s + jn−1(kpR)hn(kpR)k2p
2n+ 1
)
,
c2n =− 2(n2 − 1)Ri
(
jn+1(ksR)hn−1(ksR)ks
2n+ 1
− jn+1(kpR)hn−1(kpR)kpµ
(λ+ 2µ)(2n+ 1)
)
− (n+ 1)R2i
(
−jn−1(ksR)hn(ksR)k2s + jn−1(kpR)hn(kpR)k2p
2n+ 1
)
,
d2n =2(n+ 2)Ri
(
jn+1(ksR)hn+1(ksR)ksn
(2n+ 1)
+
jn+1(kpR)hn+1(kpR)kpµ(n+ 1)
(λ+ 2µ)(2n+ 1)
)
−R2i
(
jn+1(ksR)hn(ksR)k
2
sn+ jn+1(kpR)hn(kpR)k
2
p(n+ 1)
2n+ 1
)
.
(3.15)
Proof. The proof follows from straightforward though tedious calculations along with the
help of (2.2) and Propositions 3.4 and 3.5. 
We are in a position to present the spectral system of the N-P operator
(
KωSR
)∗
.
Theorem 3.2. The spectral system of the N-P operator
(
KωSR
)∗
is given as follows(
KωSR
)∗
[T mn ] = λ1,nT mn , (3.16)(
KωSR
)∗
[Umn ] = λ2,nUmn , (3.17)(
KωSR
)∗
[Vmn ] = λ3,nVmn , (3.18)
where
λ1,n = bn − 1/2,
and if d1n 6= 0,
λ2,n =
c1n + d2n − 1 +
√
(d2n − c1n)2 + 4d1nc2n
2
,
λ3,n =
c1n + d2n − 1−
√
(d2n − c1n)2 + 4d1nc2n
2
,
Umn =
(
c1n − d2n +
√
(d2n − c1n)2 + 4d1nc2n
)
Imn−1 + 2d1nNmn+1,
Vmn =
(
c1n − d2n −
√
(d2n − c1n)2 + 4d1nc2n
)
Imn−1 + 2d1nNmn+1;
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if d1n = 0,
λ2,n =c1n − 1/2, λ3,n = d2n − 1/2,
Umn =Imn−1, Vmn = c2nImn−1 + (d2n − c1n)Nmn+1,
with T mn , Imn and Nmn given in Lemma 2.3, and the parameters bn, c1n, d1n, c2n and d2n
defined in (3.15).
Proof. From the the jump formula (2.5) and the identity (3.12), one can directly have
that (
KωSR
)∗
[T mn ] =
∂
∂ν
SωSR [T mn ]−
1
2
T mn = (bn − 1/2)T mn .
Hence, the first identity (3.16) is proved. For the other two ones, namely (3.17) and
(3.18), by noting (3.13) and (3.14), one sees that the eigenfunctions should be the linear
combinations of Imn−1 and Nmn+1. Hence, we can assume that the eigenfunctions have the
following form aImn−1 +Nmn+1, namely,(
KωSR
)∗
[aImn−1 +Nmn+1] = λ(aImn−1 +Nmn+1). (3.19)
Again from the jump formula (2.5) and the identities (3.13) and (3.14), one has that(
KωSR
)∗
[Imn−1] =(c1n − 1/2)Imn−1 + d1nNmn+1,(
KωSR
)∗
[Nmn+1] =c2nImn−1 + (d2n − 1/2)Nmn+1.
(3.20)
Substituting the last two equations into (3.19) and comparing the coefficient on both
sides yield that
a2d1n + a(d2n − c1n)− c2n = 0. (3.21)
If d1n 6= 0, solving the equation (3.21) gives that
a =
c1n − d2n ±
√
(d2n − c1n)2 + 4d1nc2n
2d1n
. (3.22)
Therefore, the two identities (3.17) and (3.18), follow from substituting (3.22) into (3.19).
If d1n = 0, from the equation (3.20), one can directly have that(
KωSR
)∗
[Imn−1] = (c1n − 1/2)Imn−1,
which signifies that Imn−1 is one of the eigenfunctions of the N-P operator KωSR correspond-
ing to the eigenvalue c1n− 1/2. For the other eigenfunction containing Nmn+1, solving the
equation (3.21) yields that
a =
c2n
d2n − c1n .
Substituting the last equation into (3.19) yields that(
KωSR
)∗
[Vmn ] = (d2n − 1/2)Vmn ,
where
Vmn = c2nImn−1 + (d2n − c1n)Nmn+1.
The proof is complete. 
Remark 3.1. By taking ω → +0 in the spectral results in Theorem 3.2 and applying
the asymptotic properties of the spherical Bessel and Hankel functions, jn(t) and hn(t),
for t  1 in (2.9), one can obtain after straightforward though tedious calcuations the
spectral system of the N-P operator K0SR in the static case, which coincides with that
established in [16].
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4. Polariton resonance beyond the quasi-static approximation
In this section, using the spectral results established in the previous section, we con-
struct a broad class of elastic structures of the form C0 in (1.3) with no core, namely
D = ∅ that can induce polariton resonances. Suppose that a source term f ∈ H−1(R3)3
is compactly supported outside Ω, then the elastic system (1.4) can be simplified as the
following transmission problem
Lλˆ,µˆu(x) + ω2u(x) = 0, x ∈ Ω
Lλ,µu(x) + ω2u(x) = f , x ∈ R3\Ω
u(x)|− = u(x)|+, x ∈ ∂Ω
∂νˆu(x)|− = ∂νu(x)|+, x ∈ ∂Ω,
(4.1)
where ∂ν is given in (2.2), Lλ,µ is defined in (2.1) and u satisfies the radiation condition
(1.6). In (4.1) and also in what follows, Lλˆ,µˆ and ∂νˆ denote the Lame´ operator and the
traction operator associated with the Lame´ parameters λˆ and µˆ, and the same notations
hold for the single-layer potential operator SˆωΩ and the N-P operator (Kˆ
ω
∂Ω)
∗.
Using the single-layer potential defined in (2.4), the solution to the system (4.1) can
be written as
u =
{
Sˆω∂Ω[ψ1](x), x ∈ Ω,
Sω∂Ω[ψ2](x) + F, x ∈ R3\Ω,
(4.2)
where
F(x) :=
∫
R3
Γω(x− y)f(y)dy, x ∈ R3, (4.3)
is called the Newtonian potential of the source f and ψ1,ψ2 ∈ L2(∂Ω)3. One can readily
verify that the solution defined in (4.2) satisfy the first two conditions in (4.1). For the
third and forth condition in (4.1) across ∂Ω, namely the transmission condition, one can
obtain that {
Sˆω∂Ω[ψ1]− Sω∂Ω[ψ2] = F,
∂νˆ Sˆ
ω
∂Ω[ψ1]|− − ∂νSω∂Ω[ψ2]|+ = ∂νF,
x ∈ ∂Ω. (4.4)
With the help of the jump formula (2.5), the equation (4.4) can be rewritten as
Aω
[
ψ1
ψ2
]
=
[
F
∂νF
]
, (4.5)
where
Aω =
 Sˆω∂Ω −Sω∂Ω−1/2I + (Kˆω∂Ω)∗ −1/2I − (Kω∂Ω)∗
 . (4.6)
In the following, we assume that the domain Ω is a ball BR. Since the source term f
is supported outside BR, there exists  > 0 such that when x ∈ BR+, the Newtonian
potential F defined in (4.3) satisfies
Lλ,µF + ω2F = 0.
Thus F can be written as
F =
∞∑
n=0
n∑
m=−n
(
f1,n,mjn(ks|x|)T mn + f2,n,mSωSR [Imn−1] + f3,n,mSωSR [Nmn+1]
)
, (4.7)
for x ∈ BR+, which follows from Lemma 2.3 and Proposition 3.3.
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Our main result in this section is stated in the following theorem. It characterizes the
polariton resonance for the configuration without a core.
Theorem 4.1. Consider the configuration C0 with D = ∅ defined in (1.3). Suppose
that the source term f ∈ H−1(R3)3 is compactly supported outside the domain Ω, whose
Newtonian potential F is defined in (4.7) with f1,n0,m 6= 0 for some n0 ∈ N. For any
M ∈ R+, if the Lame´ parameter µˆ inside the domain Ω is chosen such that
=(µˆ)
|ψ˜1,n0,m|2
> M, (4.8)
where ψ˜1,n0,m is defined in (4.14), then the polariton resonance occurs.
Furthermore, if n0  1 is large enough such that the spherical Bessel and Hankel
functions, jn(t) and hn(t), enjoy the asymptotic expression shown in (2.8), then one can
choose the Lame´ parameter µˆ inside the domain Ω as follows
µˆ = −µ+ i 1
M
+ p1,n0 , (4.9)
where p1,n0 should satisfy
p1,n0 + q1,n0 = O
(
1
M
)
, (4.10)
with q1,n0 defined in (4.18), to ensure the occurrence of the polariton resonance.
Proof. Following Propositions 3.3 and 3.6, one can conclude that the displacement and
traction of the term jn(ks|x|)T mn on the boundary BR are orthogonal to both the corre-
sponding components of the other two terms, namely SωSR [Imn−1] and SωSR [Nmn−1]. There-
fore, in order to show the polariton resonance, it suffices to consider the source only
containing the terms jn(ks|x|)T mn , namely
F =
∞∑
n=0
n∑
m=−n
(f1,n,mjn(ks|x|)T mn ) . (4.11)
Thanks to the orthogonality of the functions T mn , Imn and Nmn , the density functions in
(4.2) have the following expressions
ψ1 =
+∞∑
n=0
n∑
m=−n
ψ1,n,mT mn ,
ψ2 =
+∞∑
n=0
n∑
m=−n
ψ2,n,mT mn .
(4.12)
From the jump formula (2.5), and Propositions 3.3 and 3.6, the equation (4.5) can be
written as [
a11 a12
a21 a22
] [
ψ1,n,m
ψ2,n,m
]
=
[
f1,n,mjn(ksR)
g1,n,m
]
, (4.13)
where
a11 = − ikˆsR
2jn(kˆsR)hn(kˆsR)
µ
, a12 =
iksR
2jn(ksR)hn(ksR)
µ
,
a21 = −ikˆsR2hn(kˆsR)
(
kˆsRj
′
n(kˆsR)− jn(kˆsR)
)
,
a22 = −1 + iksR2hn(ksR)
(
ksRj
′
n(ksR)− jn(ksR)
)
,
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and
g1,n,m = f1,n,mµ
(
ksRj
′
n(ksR)− jn(ksR)
)
/R,
with kˆs = ω/
√
µˆ. With the help of the Wronskian identity
jn(t)h
′
n(t)− j′n(t)hn(t) =
i
t2
, for t > 0,
solving the equation (4.13) yields that
ψ1,n,m =
f1,n,mjn(ksR)
ψ˜1,n,m
, (4.14)
where
ψ˜1,n,m =
(
((µ− µˆ)jn(kˆsR) + kˆsmˆuRj′n(kˆsR))hn(ksR)
−ksµRjn(kˆsR)h′n(ksR)
)
kskˆsR
3jn(ksR)hn(kˆsR).
Next we calculate the dissipation energy E(u). From the definition of the functional
Pλ,µ(u,u) given in (1.8) and the following identity
∇ · u = ∇ · Sˆω∂Ω[T mn ] = 0,
there holds that
E(u) = =Pλˆ,µˆ(u,u) = =
(
µˆPλˆ/µˆ,1(u,u)
)
= =(µˆ)
+∞∑
n=0
n∑
m=−n
(
|ψ1,n,m|2Pλˆ/µˆ,1
(
Sˆω∂Ω[T mn ], Sˆω∂Ω[T mn ]
))
.
(4.15)
Thus if there exists n0 such that for any M ∈ R+
=(µˆ)|ψ1,n0,m|2 > M, (4.16)
then resonance occurs. From the expression of ψ1,n,m in (4.14), the condition (4.16) is
equivalent to the following one
=(µˆ)
|ψ˜1,n0,m|2
> M, (4.17)
since f1,n0,m 6= 0.
Next we perform some asymptotic analysis for the left-hand side of the condition (4.17)
for the large n0  1. From the asymptotic expression of the spherical Bessel and Hankel
functions, jn(t) and hn(t) in (2.8), one can obtain that
ψ˜1,n0,m = C (µˆ+ µ+ q1,n0) (4.18)
where
q1,n0 = O
(
1
n0
)
.
Thus if the parameter µˆ inside the domain Ω is chosen as stated in the theorem that
µˆ = −µ+ i/M + p1,n0 , (4.19)
where
p1,n0 + q1,n0 = O(1/M), (4.20)
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Figure 1. The absolute value of the LHS quantity in (4.8) in terms of
the parameter =(µˆ).
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Figure 2. The absolute value of the LHS quantity in (4.10) in terms of
the parameter p1,n0 .
with q1,n0 defined in (4.18), then the left-hand side of the condition (4.17) can be simplified
as
=(µˆ)
|ψ˜1,n0,m|2
≥M. (4.21)
Thus the polariton resonance occurs and the proof is complete.

Remark 4.1. In Theorem 4.1, we only require the constrain on the Lame´ parameter µˆ
and there is no restrict on the Lame´ parameter λˆ, which indicates that only the first
strong convexity condition in (1.2) is broken.
Remark 4.2. We do the numerical simulation to demonstrate that the condition (4.8)
can be achieved. The parameters are chosen as follows
n0 = 5, ω = 5, R = 1, µ = 1, and <(µˆ) = −1.87988,
which is the case beyond the quasi-static approximation from the values of ω and R. The
absolute value of the LHS quantity in (4.8) in terms of the parameter =(µˆ) is plotted in
Fig. 1, which evidently demonstrates that the condition (4.8) is fulfilled.
Remark 4.3. Indeed, the condition (4.10) is easy to achieve. Since the parameter q1,n0
defined in (4.18) is of O(1/n0), therefore one could choose p1 = O(1/n0) to fulfill the
condition (4.10). Moreover, we do the numerical simulation to demonstrate that the
condition (4.10) can be fulfilled. The parameters are chosen as follows
n0 = 100, ω = 5, R = 1, µ = 1, M = 10
10 and µˆ = −µ+ i/M + p1,n0 .
One can easily check that this is the case beyond quasi-static approximation. The ab-
solute value of the LHS quantity in (4.10) in terms of the parameter p1,n0 is plotted
in Fig. 2, which apparently demonstrates that the condition (4.10) is satisfied with
p1,n0 ≈ 0.02779005 = O(1/n0).
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5. CALR beyond the quasi-static approximation
In this section, we consider the cloaking effect induced by anomalous localized reso-
nance. In the following, let D = Bri and Ω = Bre . To save the notations, we first define
the following two functions
j´n(t) = tj
′
n(t)− jn(t),
h´n(t) = th
′
n(t)− hn(t),
(5.1)
where j′n(t) and h′n(t) are the derivatives of the functions jn(t) and hn(t), respectively.
Set
kˆs = ω/
√
µˆ, and k˘s = ω/
√
µ˘,
and we also introduce the following notations,
jn0i = jn(ksri) jn1i = jn(k˘sri), jn2i = jn(kˆsri),
jn0e = jn(ksre) jn1e = jn(k˘sre), jn2e = jn(kˆsre),
(5.2)
and, the same notations hold for the spherical Hankel function hn(t), the derivative of
the Bessel and Hankel functions, j′n(t) and h′n(t), the functions j`n(t) and h`n(t) defined
in (2.8), and the functions j´n(t) as well as h´n(t) defined in (5.1). Moreover, we let Lλ˘,µ˘,
∂ν˘ , S˘∂D and (K˘
ω
∂D)
∗, respectively, denote the Lame´ operator, the associated conormal
derivative, the single layer potential operator and the N-P operator associated with the
Lame´ parameters (λ˘, µ˘).
Assume that the source f ∈ H−1(R3)3 is compactly supported outside Ω, then the
elastic system (1.4) can be expressed as the following equation system
Lλ˘,µ˘u(x) + ω2u(x) = 0, in D,
Lλˆ,µˆu(x) + ω2u(x) = 0, in Ω\D,
Lλ,µu(x) + ω2u(x) = f , in R3\Ω,
u|− = u|+, ∂ν˘u|− = ∂νˆu|+ on ∂D,
u|− = u|+, ∂νˆu|− = ∂νu|+ on ∂Ω.
(5.3)
With the help of the potential theory, the solution to the equation system (5.3) can be
represented by
u(x) =

S˘ω∂D[ϕ1](x), x ∈ D,
Sˆω∂D[ϕ2](x) + Sˆ
ω
∂Ω[ϕ3](x), x ∈ Ω\D,
Sω∂Ω[ϕ4](x) + F(x), x ∈ R3\Ω,
(5.4)
where ϕ1,ϕ2 ∈ L2(∂D)3, ϕ3,ϕ4 ∈ L2(∂Ω)3 and F is the Newtonian potential of the
source f defined in (4.3). One can easily see that the solution given (5.4) satisfies the
first three condition in (5.3) and the last two conditions on the boundary yield that
S˘ω∂D[ϕ1] = Sˆ
ω
∂D[ϕ2] + Sˆ
ω
∂Ω[ϕ3], on ∂D,
∂ν˘ S˘
ω
∂D[ϕ1|− = ∂νˆ(Sˆω∂D[ϕ2] + Sˆω∂Ω[ϕ3])|+, on ∂D,
Sˆω∂D[ϕ2] + Sˆ
ω
∂Ω[ϕ3] = S
ω
∂Ω[ϕ4] + F, on ∂Ω,
∂νˆ(Sˆ
ω
∂D[ϕ2] + Sˆ
ω
∂Ω[ϕ3])|− = ∂ν(Sω∂Ω[ϕ4] + F)|+, on ∂Ω.
(5.5)
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With the help of the jump formual in (2.5), the equation system (5.5) further yields the
following integral system,
S˘ω∂D −Sˆω∂D −Sˆω∂Ω 0
−12 + (K˘ω∂D)∗ −12 − (Kˆω∂Ω)∗ ∂νˆiSˆω∂Ω 0
0 Sˆω∂D Sˆ
ω
∂Ω −Sω∂Ω
0 ∂νˆeSˆ
ω
∂D −12 + (Kˆω∂Ω)∗ −12 − (Kω∂Ω)∗


ϕ1
ϕ2
ϕ3
ϕ4
 =

0
0
F
∂νF
 ,
(5.6)
where ∂νˆi and ∂νˆe signify the conormal derivatives on the boundaries of D and Ω, re-
spectively.
In the following, we assume that the Newtonian potential F of the source f has the
following expression
F =
∞∑
n=N
n∑
m=−n
(f1,n,mjn(ks|x|)T mn ) for x ∈ Ω, (5.7)
where N is large enough such the the spherical Bessel and Hankel functions, jn(t) and
hn(t), fulfill the asymptotic expansions shown in (2.8). From the Theorem 3.1 and the
orthogonality of the functions T mn , Imn−1 and Nmn+1, one can deduce that the density
functions ϕi, i = 1, 2, 3, 4 can be written as follows
ϕ1 =
+∞∑
n=N
n∑
m=−n
ϕ1,n,mT mn , ϕ2 =
+∞∑
n=N
n∑
m=−n
ϕ2,n,mT mn ,
ϕ3 =
+∞∑
n=N
n∑
m=−n
ϕ3,n,mT mn , ϕ4 =
+∞∑
n=N
n∑
m=−n
ϕ4,n,mT mn .
(5.8)
With the help of the equation (3.8) as well as the Theorem 3.2 and by substituting the
expressions in (5.7) and (5.8) into the equation system (5.6), the integral system can be
reduced the following equation system
a11 a12 a13 0
a21 a22 a23 0
0 a32 a33 a34
0 a42 a43 a44


ϕ1,n,m
ϕ2,n,m
ϕ3,n,m
ϕ4,n,m
 =

0
0
f1,n,mjn0e
g1,n,m
 , (5.9)
where
a11 =
−ik˘sr2i jn1ihn1i
µ˘
, a12 =
−ikˆsr2i jn1ihn2i
µˆ
, a13 =
−ikˆsr2ejn1ihn2e
µˆ
,
a21 = −ik˘srij´n1ihn1i, a22 = −ikˆsrijn2ih´n2i, a23 = −ikˆsrej´n2ihn2e,
a32 =
−ikˆsr2i jn2ihn2e
µˆ
, a33 =
−ikˆsr2ejn2ehn2e
µˆ
, a34 =
iksr
2
ejn0ehn0e
µ
,
a42 = −ikˆsrijn2ih´n2e, a43 = −ikˆsrej´n2ehn2e, a44 = iksrejn0eh´n0e,
and
g1,n,m = f1,n,mµ
(
ksrej
′
n0e − jn0e
)
/re.
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Solving the equation system (5.9) gives that
ϕ1,nm =
ϕ˜1,n,m
dn,m
, ϕ2,nm =
ϕ˜2,n,m
dn,m
,
ϕ3,nm =
ϕ˜3,n,m
dn,m
, ϕ4,nm =
ϕ˜4,n,m
dn,m
,
(5.10)
where
ϕ˜1,n,m =
−ikkˆ2rir2ef1,n,mhn23jn0ejn2i(h´n0ejn0e − j´n0ehn0e)(h´n2ijn2ire − j´n2ihn2iri)
µˆ
,
ϕ˜2,n,m =
ikk˘kˆrir
2
ef1,n,mhn1ihn2ejn0e(h´n0ejn0e − j´n0ehn0e)(j´n2ijn1iµˆri − j´n1ijn2iµ˘re)
µ˘µˆ
,
ϕ˜3,n,m =
ikk˘kˆr3i ref1,n,mhn1ijn2ijn0e(h´n0ejn0e − j´n0ehn0e)(j´n1ihn2iµ˘− h´n2ijn1iµˆ)
µ˘µˆ
,
ϕ˜4,n,m =
ik˘kˆ2r2i f1,n,m
(
j´n0eµri
(
jn1i(h´n2ijn2ere − j´n2ihn2eri)µˆ+ j´n1i(hn2ejn2i − hn2ijn2e)µ˘re
))
µ˘µˆ2
×
hn1ihn2ejn2i
(
jn0eµˆre
(
j´n1i(j´n2ehn2iri − h´n2ejn2ire)µ˘+ jn1i(h´n2ej´n2i − h´n2ij´n2e)µˆri
))
µ˘µˆ2
,
and
dn,m =
kk˘kˆ2r2i r
2
e
(
h´n0eµri
(
jn1i(h´n2ijn2ere + j´n2ihn2eri)µˆ− j´n1i(hn2ejn2i − hn2ijn2e)µ˘re
))
µµ˘µˆ2
×
hn1ihn2ejn0ejn2i
(
hn0eµˆre
(
j´n1i(h´n2ejn2ire − j´n2ehn2iri)µ˘+ jn1i(h´n2ij´n2e − h´n2ej´n2i)µˆri
))
µµ˘µˆ2
.
To simplify the exposition, we introduce the following two notations
ηn2e = n− 1 + nj`′n2e − j`n2e, (5.11)
and
γn2e = n+ 2 + (n+ 1)h`
′
n2e + h`n2e, (5.12)
where j`′n2e, j`n2e, h`′n2e and h`n2e are defined in (5.2). The same notations also hod for ηn1i,
ηn21, γn0e and γn2i. We also define the following function
q2,n(µ˘, µˆ, ri, re) =(µ˘+ µˆ)(µ+ µˆ)n
2r2e + (µˆri − µ˘re)(µri − µˆre)n2ρ2n−
µˆre(1 + h`n0e)
(
µ˘reηn11
(
γn2eρ
2n(1 + j`n2i) + (1 + h`n2i)ηn2e
)
−
µˆ(1 + j`n1i)
(
riγn2eηn2iρ
2n − reγn2iηn2e
))
−
µγn0e
(
µ˘reηn1i
(
re(1 + h`n2i)(1 + j`n2e)− riρ2n(1 + h`n2e)(1 + j`n2i)
)
µˆ(1 + j`n1i)
(
r2i ρ
2n(1 + h`n2e)ηn2i + r
2
e(1 + j`n2e)γn2i
))
,
(5.13)
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here and also in what follows, ρ = ri/re.
With the above preparation, we are in a position to show the CALR result, which is
concluded in the following theorem.
Theorem 5.1. Consider the configuration (C0, f) where C0 is given in (1.3). Suppose
that the Newtonian potential F of the source term f has the expression shown in (5.7)
with f1,n0,m 6= 0 for some n0 ∈ N. For any M ∈ R+, if the parameters in C0 are chosen
as follows
µ˘ = µ, and µˆ = −µ+ iρn0 + p2,n0 , (5.14)
such that
p22,n0 + q2,n0 = O
(
ρ2n0
)
(5.15)
and
n0
(
1 + τ1
k2r3e
ri
)n0
> M, (5.16)
where q2,n0 is defined in (5.13) and τ1 ∈ R+ is given in (5.23), then the phenomenon
of the CALR could occur if the source supported inside the critical radius r∗ =
√
r3e/ri.
Moreover, if the source is supported outside Br∗, then there is no resonant result.
Proof. We first show the polariton resonance, namely the condition (1.10). For notational
convenience of the proof, we set
f˜1,n,m :=
f1,n,m
(2n+ 1)!!
, n ≥ N.
When N is large enough such that the spherical Bessel and Hankel functions, jn(t) and
h
(1)
n (t), enjoy the asymptotic expression shown in (2.8), direct calculations show that the
coefficients satisfy the following estimates
|ϕ˜2,n,m| ≈ f1,n,m(kˆsri)
n
(2n+ 1)!!
, |ϕ˜3,n,m| ≈ f1,n,mρ
n0(kˆsre)
n
(2n+ 1)!!
, (5.17)
|ϕ˜4,n,m| ≤ f1,n,m(kre)
n
(2n+ 1)!!
. (5.18)
Moreover, the condition (5.15) yields that when n = n0,
|dn0,m| ≈ ρ2n0 , (5.19)
and when n 6= n0,
|dn,m| ≥ ρ2n0 + ρ2n. (5.20)
Thus from (5.4), the displacement field u to the system (5.3) in the shell Ω\D can be
represented as
u = Sˆω∂D[ϕ2](x) + Sˆ
ω
∂Ω[ϕ3](x)
=
∞∑
n=N
n∑
m=−n
− ikˆs
µˆ
(
ϕ2,n,mr
2
i jn2ihn(kˆs|x|) + ϕ3,n,mr2ehn2ejn(kˆs|x|)
)
T mn ,
(5.21)
where ϕ2,n,m and ϕ3,n,m are defined in (5.10).
Next we give the estimate of the dissipation energy E(u). From the definition of the
dissipation energy E(u) in (1.9) and with the help of Green’s formula, one can have the
following estimate
E(u) = =Pλˆ,µˆ(u,u) = =
(∫
∂Ω
∂νˆuuds−
∫
∂D
∂νˆuuds
)
≥ f˜21,n0,m
(
k2r3e
ri
)n0
(5.22)
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If the source f is supported inside the critical radius r∗ =
√
r3e/ri, by (5.7) and the
asymptotic property of jn(t) in (2.8), one can verify that there exists τ1 ∈ R+ such that
lim sup
n→∞
(f˜1,n,m)
1/n =
√
ri
k2r3e
+ τ1. (5.23)
Combining (5.22) as well as (5.23) and together with the help of condition (5.16), one
can obtain that
E(u) ≥ n0
(
ri
k2r3e
+ τ1
)n0 (k2r3e
ri
)n0
> M,
which exactly shows that the polariton resonance occurs, namely the condition (1.10) is
fulfilled.
Then we consider the case when the source is supported outside the critical radius r∗.
Thus there exists τ2 > 0 such that
lim sup
n→∞
(f˜1,n,m)
1/n ≤ 1
kr∗ + τ2
,
and the dissipation energy E(u) can be estimated as follows
E(u) ≤
∑
n≥N
f˜21,n,m(kre)
2nρn0
ρ2n0 + ρ2n
≤
∑
n≥N
f˜21,n,m
(
k2r3e
ri
)n0
≤ C,
which means that resonance does not occur.
Next we prove the boundedness of the solution u when |x| > r3e/r2i . From (5.4), (5.8)
and (5.10), the displacement field u in R3\Ω can be represented as
u =
∞∑
n=N
n∑
m=−n
− iks
µ
(
ϕ4,n,mr
2
ejn0ehn(kˆs|x|)
)
T mn + F(x), (5.24)
Moreover, from (5.18), (5.19) and (5.20), one can obtain that
|u| ≤
∞∑
n=N
n∑
m=−n
|f˜1,n,m|(kre)n0
(
r3e
r2i
)n
1
rn
+ |F| ≤ C, (5.25)
when |x| > r3e/r2i .
This completes the proof. 
Remark 5.1. Similar to Remark 4.1, in Theorem 5.1, we only require the constrain on
the Lame´ parameter µˆ and there is no restrict on the Lame´ parameter λˆ, which indicates
that only the first strong convexity condition in (1.2) is broken.
Remark 5.2. In Theorem 5.1,the constrain on the source f , whose Newtonian potential
F should have the expression in (5.7), is just a technical issue. Indeed, the phenomenon
of the CALR could occur for a general source term f . The reason we require N in
(5.7) should be large is that we need to apply the asymptotic properties of the spherical
Bessel and Hankel functions, jn(t) and hn(t) to prove the polariton resonance condition
(1.10) and the boundedness condition (1.11). However, for the condition (1.10), the
ALR is a spectral phenomenon at the limit point of eigenvalues of the N-P operator,
which naturally requires that the order n should be large. While for the condition (1.11),
if the item possessing the polariton resonance is bounded, then the other items are
spontaneously bounded outside a certain region. Therefore the CALR could occur for a
general source term f .
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Figure 3. The absolute value of the LHS quantity in (5.15) with respect
the change of the parameter p2.
Remark 5.3. We do the numerical simulation to show that the condition (5.15) can be
fulfilled. The parameters are chosen as follows
n0 = 50, ω = 5, ri = 0.8, re = 1, µ˘ = µ = 1 and (ri/re)
2n0 ≈ 2× 10−10,
From the values of the parameters ω and re, one can readily verify that this is the case
beyond quasi-static approximation. The norm of the LHS quantity in (5.15) in terms of
the parameter p2,n0 is plotted in Fig. 3, which apparently demonstrates that the condition
(5.15) is satisfied.
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